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ABSTRACT

Mobiles are a communication facility connecting people from around the world. As the
use of mobiles has increased and the technology advanced, analyzing mobile phone
communication networks is very interesting. The data collected from the mobile
companies and the technological development made in the area help understand human
interactions pattern and the society. In the present paper, we used data records of calls
and SMS from a mobile phone company in Albania to construct and analyze these two
communication networks: i) the directed network (DN), by linking callers or SMS senders
and call or SMS receivers with directed edges and, ii) the undirected mutual network
(MN) considering only the pairs of users with reciprocal communication events. In
both cases, we assigned a weight on each edge, based on the number of communications
occurred for the corresponding pair of users during the observed time period. Based
on a carefully chosen set of topological and weighted measures, we present a detailed
analysis of the networks under consideration, by exploring the component size, degree,
strength, and weight distributions, topological and weighted degree assortativity and
clustering coefficient. The correlations between these quantities were inspected,
providing a better insight into the local structure and interactions, and the overall
topology of the networks. This is the first study that attempts to analyze and discover
the topological and weighted properties of mobile phone communication networks
with Albanian users.
Keywords: mobile phone communication, network analysis, weighted networks

1. INTRODUCTION

Online social networks (Facebook, Twitter), E-mail, and mobile phones have
transformed the way people communicate and interact with each other, providing
connections with everyone all the time. The digital traces of social interactions,
their frequencies and volume of communications generated by millions of people
via all these communication channels offer a comprehensive picture of human
habits. The management of such huge databases, network theory and statistical
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tools have radically changed the scientific approach towards the understanding
of our lives, the dynamic and performance of individuals, groups, organizations
and societies (Watts, 2007; Lazer et al., 2009; Giles, 2012).

An anonymized data set of calls and text messages records generated by the
users of a cellular operator in Albania is here used to explore the Albanian
mobile phone communication networks. We performed a detailed analysis of
the networks under consideration, based on a broad set of measurements that
researchers have proposed to express and characterize the topological and
dynamical features of the real-world networks (Newman, 2003; Barrat et al.,
2004; Onnela et al., 2005; Boccaletti et al., 2006; Saramäki et al., 2007).

2. MATERIALS AND METHODS

Data set The data consists of all call and text message (SMS) records among
the subscribers of a cellular company which operates in Albania, during two
nonconsecutive months or 61 days. This is a triple record ((i, j), t), i.e., the user
i (anonymized) calling or sending a SMS to the user j (anonymized) at date/
time t. There are 4,323,433 records, where 3,910,079 are voice calls and 413,354
are SMS.

Construction of networks We constructed the original directed network
denoted as the DN. The nodes represent the active mobile phone users, and
there is a directed edge from a node i to a node j if the user i has called or sent
a SMS to the user j at least once during the observed period. We excluded the
loops from the network. There are 102,872 nodes and 243,197 edges in DN.

An undirected mutual network (MN) is obtained from the DN network as
follows: each pair of edges (i, j) and (j, i) is substituted with an edge ij in the
network MN, and all other edges are eliminated. The nodes with degree zero
are removed. By this restriction, we only retain reciprocated ties and disregard
the pairs of nodes connected by unidirectional edges, which mostly correspond
to single communication events, suggesting that these pairs of users might not
know personally each-other or the callers or SMS senders are more likely to
be telemarketers or costumer service lines etc. Therefore, the mutual network
MN should reflect a more realistic network of social interactions between the
involved individuals. This filtering leads to the removal of about 44% of the
total edges and 48% of the total nodes in the DN, remaining 53,453 nodes and
68,055 edges in the MN.

We assign a weight on each edge of both networks DN and MN to quantify
the strength of a connection. In the DN, the weight w

ij
 of a directed edge (i, j)

is the total number of calls and text messages initiated from the user i to the
destination, the user j over the observed time period, whereas in the MN the
weight w

ij
 of the edge ij is the total number of communication events (calls or
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SMS) occurred between the users i and j.
Fitting distributions All the plots are in log-log scales unless otherwise

specified. The scaling exponent of the power law distribution that best fit the
component sizes is found using the Maximum Likelihood Estimation (MLE) as
given in (Clauset et al., 2009). The best fitting parameters of the DPLN
distribution are found with the MLE method, using the fitdistrplus package in R
referring to the definitions and the estimation method proposed by Reed and
Jorgensen (2004) and further information is provided in Noka (2014).

The exponent of the power law If there is a power law dependence of

some data y on x of the form: , the plot of the function y against x in
doubly-logarithmic scales is a straight line with slope . In the cases we treat
here, we do as follows: We bucketize the x axes in logarithmic binning (Newman,
2006). For each bin we calculate the mean of y values, and plot them versus
the midpoints of the bins in log-log scales. Using a linear fit, we find the exponent
of the power law, if there is such dependence. All of the exponents are fitted
with R2 > 0.95.

3. RESULTS

Connected components
Both constructed networks are fragmented in a large number of connected

components where the largest one contains the most of nodes as a giant
component. In the directed network DN, 91,586 or 89% of the total nodes
belong to its giant component, denoted as the gcDN. The giant component
gcMN of the mutual network MN has 39,639 nodes or 74.2% of the total
nodes. The mutual network MN is more fragmented than the DN, due to the
removal of unidirectional edges. Table 1 summarizes the aformentioned
information giving also the number of connected components and the number
of nodes in the second largest component N

SLC
 for both networks.

Table 1. Sizes of the networks and their giant components

The component size distribution P(S) is the probability that a randomly chosen
component in a network has S nodes. Figure 1A depicts the empirical component

Statistical properties of albanian mobile phone communication networks

The giant
component

Network Nodes Edges

Connected
components

Nodes Edges
NSLC

DN 102872 243197 4307 91586 233970 21
MN 53453 68055 5002 39639 58718 26
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size distributions plot for the networks DN and MN excluding their giant
components. Both distributions exhibit power law distributions of the form

, with exponents
DN

=3.52,
MN

=3.298.

Fig. 1. Component size distributions (A). Number of nodes N
s
(l) for several samples and

their average versus the distance l in the gcDN (B) and gcMN (C).

Snowball sampling is a method for obtaining samples of the large networks (Lee
et. al., 2009). It starts from a randomly chosen node v, and includes all the nodes
within a distance l (length of the shortest path) from the source node v. For a
randomly selected set of source nodes, we obtain some samples using this method
in each of the giant components gcDN and gcMN. By denoting asN

s
(l) the number

of nodes in a sample, we plot each of them (solid lines) and their average (dashed
red line) as a function of the distance l=1,2,3,� in log-linear scales. The illustrated
results are shown in the panels B and C of Figure 1 for the gcDN and gcMN,
respectively. The dashed red lines show an exponential growth up to the distance
l=6, followed by a slower increase rate to the total number of nodes of the respective
networks (dashed black lines), indicating the presence of the small-world effect
(Watts and Strogatz, 1998) in both giant components gcDN and gcMN.

Fig. 2. A sample of the network gcMN, for l = 6.

Eva NOKA, Fatmir HOXHA
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A sample of the giant component gcMN, for l=6 is in figure 2 depicted. The
color of nodes (yellow-green-blue-magenta-orange-lavender) corresponds to
their distance from the source node colored in red. The lavender nodes dominate
over all other nodes, whereas the neighbors of the red node are only 3 (yellow
nodes). The width and the color (from yellow-green-cyan-blue to red) of the
edges are drawn based on their weights.

Basic properties of the nodes and edges. The basic characteristic of the
nodes in a network is the degree distribution denoted as P(k), which gives the
probability that a randomly chosen node has degree k. Panels A and B in figure
3 show the degree distributions of the networks DN, MN and those of their
giant components gcDN, gcMN, respectively. The degree distributions of
directed networks DN, gcDN have a fatter tail than those of the mutual networks
MN and gcMN. The maximum degree of the gcDN is k

max
 = 1010, and the

gcMN has k
max

 = 77, which is a more �reasonable� number of contacts for a
single individual. The average degree of the gcDN and gcMN are k  = 5.1
and k  = 2.96 respectively, meaning that a user averagely communicates with
about 5 persons, while he communicates reciprocally with about 3 of them.

All these distributions can be well fitted by the Double Pareto Lognormal

Distribution DPLN ) with probability density function:

 is the cdf of a standard normal distribution and  its ccdf.
The estimated best fitting parameters are as follows:

DN  and for its giant component gcDN

.

MN , and for the giant component gcMN

.

Each network and its corresponding giant component present approximately
identical degree distributions. From now on, we will focus on the analysis of
the giant components gcDN and gcMN.

Statistical properties of albanian mobile phone communication networks
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The panel C of figure 3 shows the in-degree and out-degree distributions of
the gcDN fitted by DPLN distributions with the corresponding parameters:

,

. It is observed that the nodes
with very high degrees in the gcDN are mostly the contribution of their out-
degree indicating that these hubs might be telemarketers or customer service
numbers.

The communication intensity of any pair of users reflects the strength of
their relationship, and numerically is characterized by the weight of the
corresponding edge in the networks under consideration. Not only the node
degrees, but also the tie weights show a heavy-tailed distribution in both networks
gcDN and gcMN, as seen in Figure 3D. This indicates a strong heterogeneity
in the way people choose to distribute their communications across their social
contacts. Most of edges have small weights (weak ties) and only a few of
them have high weights (strong ties) (Granovetter, 1983; Onnela et. al., 2007a).
Two connected users have reciprocally exchanged averagely 44 calls or SMS
and maximally 5572 calls or SMS. The DPLN distribution fits well also the
weight distributions in both networks gcDN and gcMN with the best fitting

parameters as follows: for the gcDN ,

and for the gcMN .

Fig. 3: Degree, strength, weight distributions fitted with DPLN distribution.

Eva NOKA, Fatmir HOXHA
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The strength of a node i,  is an extended definition of the

node degree. In the networks under consideration, the strength of a node is the
total number of calls or text messages made or received by a certain user
during the observed time period. This quantity measures the volume of
communications that a user performs and his importance (Barrat et. al., 2004).
Strength distributions for the networks gcDN and gcMN are plotted in Figure
3E. For the directed network gcDN, we distinguish the incoming and outgoing
strength of nodes by summing up the weights of incoming and outgoing edges
respectively, and their distributions are plotted in Figure 3F. Obviously, there is
a large variability of the volume of communications that people perform through
their mobile phones in each direction too. Although the node strength is
averagely 81.3 (1.3 events per day) in the gcDN and 130.6 (2.1 events per
day) in the gcMN, the maximum value is 12402 (203.3 events per day) and
6651 (109 events per day) respectively. All the strength distributions can be
fitted very well with DPLN distribution with the following parameters: for the

gcMN , for the gcDN,

05, for the incoming strength in the gcDN,

, and for the outgoing strength

.
Similar pictures of the degree, strength and weight distributions observed in

both networks gcDN and gcMN suggest the existence of mutual dependences
between these quantities, leading us to a more detailed analysis below.

Degree, strength and edge weight correlations Degree correlation is an
important parameter to better understand the topology of the networks. We
want to investigate if there is a relation between the number of incoming and
outgoing neighbors for a single node in the directed network gcDN. The scatter
plots of in-degrees k-in and out-degrees k-out per node are in Figure 4A depicted.
The blue dots are the medians by logarithmic binning (see Materials and

Methods). It is observed the power law dependence  with

=1.045. This means that the more popular individuals (those receiving many
calls or text messages) tend to contact more people.

A measure of degree-degree correlation is the average nearest neighbors
degree of a node i:

where N(i) is the neighborhood of node i. By calculating the average of the

values over the nodes with degree k, one can get the average degree of

Statistical properties of albanian mobile phone communication networks
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the nearest neighbors denoted as . This quantity can be also expressed

as , where P(k�|k) is the conditional probability that
a node with degree k� is connected to a node with degree k. In absence of
degree correlations, P(k�|k) does not depend on k, and neither does , hence
(Pastor-Satorras et al. 2001). On the contrary, if  increases as a function of k,
high-degree nodes have a lager probability to be connected to other high-degree
nodes. In this case, the network is said to show degree assortative mixing
(Newman, 2002). Barrat et al. (2004) has introduced the weighted average
nearest neighbors degree of a node i in the weighted networks: . By averaging
the  values over the nodes with degree k, the behavior of the function  marks
the weighted assortative or disassortative properties, considering the interactions
among system�s elements. In Figure 4B and C, we plot  and  as functions of
degree k for the networks gcMN and gcDN respectively. For the gcDN, we
do not consider the direction of edges. In the mutual network gcMN, both
functions  and  have an increasing trend with k up to the k  27 and k  34,
respectively. The nodes with degree larger than k = 27 constitute only 0.08%
of the total nodes. Therefore, the mutual network gcMN shows the degree
(weighted) assortative properties, indicating that the users preferentially establish
their relationships with individuals similar to themselves. This human tendency,
known also as affinity or homophily emerges also with respect to a variety of
attributes such as health or habits (Christakis and Fowler, 2007), tastes and
interests (Lewis et al., 2008), age or race (Mollica et al., 2003). In the directed
network gcDN, the function  shows an increasing trend along a wider range of
the k values than the , but the nodes with degree within this range constitute
only 18.3% of the total nodes of the network. Thus, gcDN exhibits mostly
disassortative mixing pattern.

We can also study the correlations between nodes strength. The average

Fig. 4. In-Out degree correlation in the gcDN (A). Degree and weighted degree correlation
for the gcMN (B) and the gcMN (C).

Eva NOKA, Fatmir HOXHA
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nearest neighbors strength of a node i is defined as . By averaging  values over
the nodes with strength s, the average strength of nearest neighbors  is obtained.
We plot  as a function of the strength s in Figure 5A for the networks gcDN
and gcMN. Both curves present qualitatively similar pictures. The function
shows an independence for small s values, followed by a slightly increase with
the growth of s and a more obvious growth from s 800 onwards. The nodes
with strength greater than 800 establish only 2.5% of the total nodes in the
gcMN, and 1.1% in the gcDN. Furthermore, the strength of such nodes is
dominated by the weight of a single edge ij, thus, s

ij
w

ij
s

ji
. These results

suggest that in both networks, the strengths of two adjacent nodes are mostly
uncorrelated.

The similarity of the strength distribution P(s) with the degree distribution
P(k) in both networks, as seen above, leads us to analyze the relations between
the node strength and the node degree in the networks gcDN and gcMN. If
the weights of the edges incident to a node would not correlate with its degree,
then  with  = 1, because , where  is the average weight of the network. By
plotting the average node strength  as a function of degree shown in Figure 5B,
we find that the node strength follow a power law growth up to k  45 in the
gcMN, with , and for larger k values the strength saturates. In the gcDN, the
power law dependence exists with , up to k  25, and for larger k values we
observe a clear deviation from the linear approximation. These observations
indicate the existence of strength-degree correlations and suggest that the
individuals with many contacts averagely dedicate less calls or SMS per contact
than those with few connections. The node strength conditional on in/out degree
for the gcDN presents similar results (Figure 5C; the green dots are shifted
vertically by a factor of 10 for better visibility). For small k values, both curves
exhibit power laws, where in = 1.15 and out = 0.94, and deviations are
observed for greater values of k.

In addition to the strength-degree correlations, we plot the average strength
product conditional on degree product , shown in Figure 5D for both networks
gcDN, gcMN. In the case of absence of correlations, we would expect . Then
with β = 1. On the contrary, it is found that  and .

Similarly, we analyze the average weight conditional on degree and strength
product,  and  respectively. The corresponding results are presented in Figure
5E and F. In the mutual network gcMN, the exponent  of the power law of the
form , is , which means that the strength of a tie (edge weight) between two
individuals does not depend on the absolute number of friends that each of
them has. Despite the slight increase of  observed for small  values , practically
the network gcDN also shows an independence of the edge weight versus the
degree product. In contrast, the rapidly increasing curves in Figure 5F indicate
the presence of correlations between the edge weight and the strength product

Statistical properties of albanian mobile phone communication networks
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of its end nodes in both networks gcDN, gcMN with roughly power law
dependences of the form . The scaling exponents are .

Clustering coefficient. A local property of the network structure is the
tendency of the neighbors of a node i to be interconnected, which is characterized
by the (topological) clustering coefficient , where  is the number of triangles
around the node i. (Watts and Strogatz, 1998). The average clustering coefficient
as a function of degree is presented in Figure 6A for the networks gcMN and
gcDN. For the gcDN we do not consider the edge directions. Both curves
show power law decay of the form  for the degree values up to 40, which
cover almost all the nodes. The power law dependence of the clustering
coefficient around a node on its degree is observed in many empirical networks
with different scaling exponents (Newman, 2003).

In Figure 6B, we present the average weighted clustering coefficient  as a
function of the strength (Saramäki, 2007) for both networks gcDN, gcMN. We
observe an increase of the triangles� intensity around the nodes with the increase
of their strength. But, it seems that the behavior of the high-strength nodes, as
seen above for the , is different from that of the others.

Fig. 5: Average nearest neighbor strength (A). Average strength conditional on degree (B).
Average out/in strength conditional on degree in the gcDN (C). Strength product conditional on
degree product (D). Edge weight conditional on degree product (E) and on strength product (F).

Eva NOKA, Fatmir HOXHA
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4. CONCLUSIONS

We have constructed two networks from mobile phone calls and SMS records
of an operator in Albania. The weights of edges used to measure the strength
of ties as the total number of communications during the observed time period
have offered a good opportunity in exploring the mobile phone users� interactions
and their relations with the topological properties of the networks.

Both networks present a large heterogeneity in the node degree and strength,
and in the weight of ties which is implied by their distributions. The hubs (nodes
with very high degree) in the directed network are more than those in the
mutual network. This suggests that the reciprocal communication criterion for
the construction of the mutual network eliminates such abnormal nodes, most
likely associated with costumer service numbers or telemarketers, providing a
better representation of the real social interactions.

We have found that people have the tendency to form groups with others
that are similar to themselves by the number of contacts, while most of them
disregard the volume of communications performed by their connections. By
investigating the relationship between the communications that people perform
and the number of their social contacts, we have found that people with large
social circles need to perform more communications. However, the very large
number of connections does not mean a proportional increase of the volume of
communications. The individuals with many contacts dedicate averagely less
communications to each of them than those with few connections. In addition,
there exists a strong diversity in the way people schedule and manage the
attention to their social relationships. The strength of a tie between two individuals
does not depend on the absolute number of their social contacts, but it is positively

Fig.6. Topological clustering coefficient as a function of degree (A). Weighted clustering
coefficient as a function of strength (B).

Statistical properties of albanian mobile phone communication networks



14 2015/Vol. XX (2)

correlated with the number of communications they perform.
Albanian mobile phone communication networks share many common features

with other similar networks studied before. Specifically, our results for the
mutual network are in line with those reported by Onnela et. al, (2007b), who
analyzed a large mutual network based on the data from an operator of an
undisclosed European country with all mobile phone calls between 7 million
people during a period of 18 weeks.

Li, et. al.( 2014) studied both directed and mutual networks, similar with
those we analyzed in this paper, using a dataset with detailed call records of
more than nine million different mobile phone numbers from one mobile operator
in Shanghai. The observations for directed networks are qualitatively similar.
They compared their results of the mutual network with the aforesaid network
of the European dataset and observed that both networks share many common
topological features, but also several discrepancies. The mutual network of
Shanghai dataset has a different broadness of degree distribution and it is not
observed a dependence of the topological clustering coefficient on the node
degree as observed in the European and Albanian network.

Our presented study is the first attempt in exploring and analyzing the topology
and interactions� features of mobile phone communication networks with
Albanian users.
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ABSTRACT

Bifurcation analysis is a key tool for the analysis of dynamic systems in general and
nonlinear systems in particular. If a parameter of a dynamic system changes, qualitative
behavior of the system will change. New fixed points might emerge or current fixed
points might disappear, or their stability properties may change. These sorts of
qualitative changes in a dynamic system are called bifurcations, and the values of the
parameters at which these changes take place are called bifurcation points. Bifurcation
analysis also enables us to qualitatively estimate the behavior of trajectories without
utilizing the analytical solution of the underlying differential equations. Most common
types of bifurcations encountered in dynamical systems are saddle-node, transcritical
and pitchfork bifurcation. In the present paper some of the types of bifurcations in
one-dimensional dynamical systems and application of these bifurcations in population
dynamics are discussed. The fish available for human consumption comes either from
the ocean or the sea. On one hand, the natural supply cannot satisfy the human needs.
On the other hand, cost of fish harvesting is increasing, making aquaculture an important
source for fish supply. As Albania is rich in water resources, the market demand for
fish could be easily met. Aquaculture production is playing an increasing role in
satisfying the demand for human consumption of fish and fishery products. Once
aquaculture production is increased, the endangered species would be safe, because
interventions in the rearing process to enhance production are involved. The logistic
growth model is used for population growth of fish, and the two following harvesting
strategies are considered: i) constant and, ii) proportional harvesting. In each process,
the optimal amount of fish harvested to protect the population from extinction was
estimated. The results reported that harvesting in amount or rate higher than the
bifurcation point leads to the extinction of population. The results are a means to
address the growth of fish population and reduce of repopulation�s costs.
Keywords: fixed point, stability, saddle- node, harvesting, logistic growth model
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1. INTRODUCTION

Bifurcation analysis of dynamical systems helps understand the dynamic
behavior of the systems and find out possible dependence of the system�s
behavior upon parameter values by reporting on the occurrence and changes
in stability of fixed points, and helping to model these changes and transitions
from stable to unstable case or vice versa as some parameters change. In
addition, bifurcation analysis enables us to qualitatively estimate the behavior
of trajectories without utilizing the solution of the underlying differential or
difference equations. This is achieved by numerically approximating equilibrium
solutions and their stability, even for problems that do not have analytic solutions.

Bifurcation is the change in number of fixed points or periodic orbits, or in
their stability properties, as a parameter varies. A bifurcation point is the value
of parameter at which the change occurs. Bifurcations are classified according
to how stability is lost. All types of bifurcations here reported are local
bifurcations, because only the behavior of a dynamical system in the
neighborhood of a single fixed point is affected.

Population dynamics is of great interest for the commercial harvesting industry
and biology, ecology and economics etc. Mathematical models have been used
widely to estimate the population dynamics of animals and humans. In recent
years, the use of mathematical models has been extended to agriculture sector
especially in cattle farming to ensure continuous and optimum supply. The logistic
growth model in term of harvesting has been used to study the fishery farming
(Laham et al., 2012). The most important for successful management of
harvested populations is that harvesting strategies are sustainable, not leading
to instabilities or extinctions and produces great results for the year with little
variation between the years (Aanes et al., 2002). Therefore, it can satisfy the
market demand throughout the year.

The fish available for human consumption comes either from the ocean or
the sea. Unfortunately, the natural supply cannot satisfy the human needs. On
the other hand, cost of fish harvesting is increasing, making aquaculture an
important source for fish supply. Aquaculture production is playing an increasing
role in satisfying demand for human consumption of fish and fishery products.
Once aquaculture production is increased, the endangered species would be
safe, as interventions in the rearing process to enhance production are involved.

As Albania is rich in water resources, the market demand for fish could be
easily met. In recent years, fish farming has developed in Albania and aquaculture
production constituted 20.6% of total fish caught in 2013, around 14% in 2010
and around 1% in 2001 (http://www.instat.gov.al/media/154623/tb19.xlsx).

The use of mathematical models in fishery harvesting helps the aquaculturists
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to estimate the fish population for a given period. In addition, the models provide
effective solutions with regard to the consumer�s demand.

In the present paper, the saddle-node, transcritical and pitchfork bifurcations
that occur in dynamical systems is discussed and the bifurcation analysis to harvest
models is applied using the logistic growth model and the two following harvesting
strategies: i) constant harvesting and, ii) proportional harvesting; to estimate the
optimum quantity of fish for harvesting that can ensure the continuous supply for
each strategy and, to compare the results obtained between strategies.

2. ONE DIMENSIONAL BIFURCATION

Consider a dynamical system that depends on one parameter, h:

0( , ) (0)x f x h x x (1)

When a change in a parameter results in a qualitative change in the dynamics
of a nonlinear system, the system is said to have gone through a bifurcation.
Bifurcations are classified by the way in which the fixed points of the function
f change their number, location, form, and stability.

This paper discusses three common types of bifurcations: saddle-node,
transcritical and pitchfork bifurcations (Strogatz, 1994; Lorenz, 1993; Shone,
2002; Teschl, 2004).

In a saddle-node bifurcation, as the bifurcation parameter passes through the
bifurcation point, two fixed points disappear, so there are no fixed points
afterwards. Before they disappear, one of the two fixed points is stable and the
other is unstable.

If the differential equation (1) satisfies the equations:

0 0( , ) 0f x h

0 0( , ) 0
f

x h
x

2

0 02
( , ) 0

f
x h

x

and 0 0( , ) 0
f

x h
h

then this equation has a saddle node bifurcation at h = h
0
.

The key example of a saddle node bifurcation is provided by the differential
equation:

Bifurcation analysis as a useful tool to fishery management
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2x h x (2)

Clearly, we have (0,0) 0f  and (0,0) 0
f

x
. Fixed points of this equation

are given by h = x2, corresponding to a parabola in the xh plane. For h < 0, the

equation has no fixed points and x  is always negative. For h > 0, there exist
two fixed points, one stable and one unstable.

In dynamical systems, a bifurcation diagram shows the possible long-term
values (fixed points or periodic orbits) of a system as a function of a bifurcation
parameter in the system. The stable fixed points are represented by a green
line and unstable ones by a red line. The bifurcation diagram for the saddle-
node bifurcation indicates again that the two fixed points collide and annihilate
at h = 0 and there are no fixed point for h < 0 (Figure 1).

Fig.1:Bifurcation diagram for the saddle-node bifurcation.

In a transcritical bifurcation, there are two fixed points, one stable and one
unstable. When the bifurcation point is passed, there is an exchange of stability;
the unstable fixed point becomes stable and the stable one becomes unstable.

If the differential equation (1) satisfies the equations:

0 0( , ) 0f x h

0 0( , ) 0
f

x h
x
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0 0( , ) 0
f

x h
h

2

0 02
( , ) 0

f
x h

x
,

and
2

0 0( , ) 0
f

x h
x h

,

then this equation has a transcritical bifurcation at h = h
0
.

The simplest example of a transcritical bifurcation is provided by the following
differential equation:

2x hx x (3)

Clearly, we have (0,0) 0f  and (0,0) 0
f

x
. The fixed points of this

equation are x = 0 and x = h, corresponding to two lines in the xh plane. For h
< 0, the equation has two fixed points, x = 0 is stable and x = h is unstable. The
two fixed points collapse at h = 0 and for h > 0, x = 0 is unstable and x = h is
stable. An exchange of stability has occurred at h = 0.

The bifurcation diagram for the transcritical bifurcation is depicted in figure 2.

Fig. 2: Bifurcation diagram for the transcritical bifurcation.

In a pitchfork bifurcation, there are two stable fixed points separated by an
unstable one. Once bifurcation point is passed, only one stable fixed point
remains. This type of bifurcation is called supercritical pitchfork bifurcation.

Bifurcation analysis as a useful tool to fishery management
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There is also a subcritical pitchfork bifurcation, in which there are two unstable
fixed points separated by a stable one, until the bifurcation point is passed.
Then there is only one unstable fixed point.

If the differential equation (1) satisfies the conditions:

0 0( , ) 0f x h

0 0( , ) 0
f

x h
x

0 0( , ) 0
f

x h
h

2

0 02
( , ) 0

f
x h

x

2

0 0( , ) 0
f

x h
x h

and
3

0 03
( , ) 0

f
x h

x
,

then this equation has a pitchfork bifurcation at h = h
0
.

As an example of a pitchfork bifurcation consider the following differential
equation:

3x hx x (4)

Clearly, we have (0,0) 0f  and (0,0) 0
f

x
. The fixed points of this

equation are given by x = 0 and h = x2, corresponding to a line and a parabola
in the xh plane. For negative values of h, the equation has one stable fixed
point at x = 0. For h > 0, x = 0 is a unstable fixed point and the two new fixed
points have been created at h = 0, one in each branch of the parabola h = x2.

The bifurcation diagram for the supercritic pitchfork bifurcation is depicted
in figure 3.
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Fig. 3: Bifurcation diagram for the supercritic pitchfork bifurcation.

Next section discusses the application of these types of bifurcation to fishery
management.

3. APPLICATION OF BIFURCATIONS:
    FISHERY MATHEMATICAL MODELS

To illustrate the bifurcation analysis in a real world situation we are going to
analyze some simple fishery management models. Consider the logistic growth
equation to model a fish population in the absence of fishing:

1
dP P

rP
dt M

(5)

where P is the size of the population, r is the growth rate due to reproduction
and M is the carrying capacity of the environment. Now considering modeling
the population and harvesting some of the population using some common
harvesting strategies: constant harvesting and proportional harvesting. Constant
harvesting is where a fixed numbers of fish were removed each year, while
periodic harvesting is usually thought of a sequence of periodic closure and
openings of different fishing grounds (Idels and Wang, 2008; Laham et al.,
2012). In proportional harvesting, the quantity harvested is proportional to the
population. Harvesting has been considered a factor of stabilization,
destabilization, and improvement of mean population levels, induced fluctuations,
and control of non-native predators (Michel, 2007).

Bifurcation analysis as a useful tool to fishery management
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Constant harvesting
One of the simplest methods is to establish a set limit for harvesting. We

assume that the dynamics of the population satisfies the logistic growth model
(5) and that a constant harvesting, h, is added for removing a constant number
of the fish over a given time interval.

The mathematical model becomes:

1
dP P

rP h
dt M

P(0) = p
0

(6)

The solution of this ordinary differential equation obtained using MAPLE is
difficult to analyse, so we turn to a geometric analysis of the model.

The fixed points, P*, are simply the solution of the equation rP*(1- P*/M) = h.

The model (6) has two roots: * 2
1,2

1 4

2

hM
P M M

r
. The number of

fixed points depends on the sign of the term M2 - 4hM/r. There are: two fixed
points if M2 - 4hM/r > 0 or equivalently 0 < h < rM/4; one fixed point if M2 -
4hM/r = 0 or equivalently h = rM/4; and no fixed point if M2 - 4hM/r < 0 or
equivalently h > rM/4.

To show the above results, conditioned by the unavailability of any real and
reliable data, consider a lake or pond with a rare fish and suppose that the rate
of population growth is r = 0.7, carrying capacity is M = 1000. The fixed points
for model (5), where h = 0, are P* = 0 and P* = M = 1000.

The bifurcation diagram for the constant harvesting logistic model is depicted
in figure 4.

Fig. 4: Bifurcation diagram for the constant harvesting.
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As the harvesting increases, the two fixed point move closer to each other
with the lower fixed point remaining unstable and the upper fixed point remaining
stable. As h moves toward the maximum growth rate of the logistic growth
equation, the two fixed points coalesce at P* = M/2 = 500. When h > rM/4 =
175, there are no fixed point, and the model shows that the population always
goes extinct. This model shows a classic example of a saddle node bifurcation.
The bifurcation values is at h = rM/4 = 175.

The purpose of simple mathematical models applied to complex problems is
to offer some insight. Here, the results reported that overfishing (in the model
h > rM/4) during one year can potentially result in a sudden collapse of the fish
catch in subsequent years, so that governments need to be particularly cautious
when contemplating increases in fishing quotas.

Proportional harvesting
Another common form of harvesting is when one puts in a constant effort to

harvest. In this case, the quantity harvested is proportional to the population.
Thus, the mathematical model is written:

1
dP P

rP hP
dt M

P(0) = p
0

(7)

where again r is the growth rate, M is the carrying capacity with no harvesting
and now h is the proportional rate of harvesting.

Algebraic solution is complex and harder to interpret, thus we again turn to
the geometric analysis of the model. The fixed points of (7) are the solution of

the equation:
*

* *1
P

rP hP
M

, that is, and * ( )M r h
P

r
. The extinction

fixed point, P* = 0, is unstable for values of h < r. As h increases, the larger
equilibrium (carrying capacity, M) shrink, but it remains stable for h < r. For h
= 0, P* = M = 1000.

The bifurcation diagram for proportional harvesting logistic model is depicted
in figure 5.

Bifurcation analysis as a useful tool to fishery management
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Fig. 5: Bifurcation diagram for proportional harvesting.

As the harvesting increases, the nontrivial fixed point move closer to extinction
fixed point. As h moves toward the growth rate (0.7), the nonzero fixed point
fades to zero, which implies there is extinction. This is comprehensible due to
the harvesting rate approaching the growth rate. When h > r (= 0.7), the rate
of harvesting exceeds the reproduction rate and extinction necessarily follows.
This model shows a classic example of a transcritical bifurcation. The
bifurcation point is h = r (= 0.7).

The results reported that overfishing (h > r) in one year can potentially extinct
the fish in the lake or pond. Consequently, the bodies involved in the area need
to be particularly cautious when contemplating fishing quotas.

4. CONCLUSIONS

Differential equations containing parameters with approximately known values
are commonly involved in practical applications. Consequently, investigating
the solutions� behavior and their dependence on the parameters is very important,
as a slight variation in a parameter might have significant impact on the solution.

The three common types of bifurcations here reported are: i) saddle-node
bifurcation, ii) supercritical pitchfork bifurcation and, iii) transcritical bifurcation.
In each case, the bifurcation value is h = 0. These types of bifurcations also
occur in higher-dimensional dynamical systems.

Sustainable harvesting strategies and successful management of harvested
populations help the fishery industry to grow both qualitatively and quantitatively.
However, some little variation in fish population between the years could still
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be reported. Regarding the constant harvesting strategy, the fish population
does not have enough time to recover if the constant harvesting is greater than
the bifurcation value h = rM/4. Regarding the proportional harvesting strategy,
the fish population will extinct if the proportional rate of harvesting is greater
than the growth rate of the population, h > r.

The results are a means to address the growth of fish population and reduce
of fish repopulation�s costs. In addition, the annual overfishing has unavoidably
impacts fishing in the subsequent years. Here, an appropriate national policy
on fishing quotas would be crucial.

Appropriate fishery harvesting strategies would satisfy the market demand.
Commercializing the aquaculture could be a good alternative.

However, some limitations could be here encountered: i) theoretical results,
ii) unreal parameters of logistic model for fish harvesting is reported.

The application of bifurcation analysis to fish harvesting in real data is a
means to address further researches in the area. In addition, other practical
applications of bifurcations such as one-dimensional or higher dimensional
dynamical systems must further.
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ABSTRACT

Cluster ions and aerosols are atmospheric particles, which participate and have a great
impact on several global processes. On other hand, both these particles interact with
each other via recombination and attachment processes. Monitoring the variation of
their concentrations gives valuable information about their interactions and the impact
on atmospheric processes that these particles take part. The present paper provides
information about the variation of particle number concentrations of cluster ions and
aerosol particles of sub-micrometric and super-micrometric size. Investigation was
carried out from 2009-2011 at a site located in the Adriatic seashore and the results
reported high values of cluster ions and aerosols. The source is anthropogenic
activities, sea salt and other particles of long-range transport.
Keywords, Ion concentrations, aerosol concentrations, seashore site, anthropogenic
activities

1. INTRODUCTION

The major part of the lower troposphere consists of atmospheric particles
such as cluster ions and aerosol. The formation and growth of atmospheric
aerosols depend on several steps, namely nucleation, initial steps of growth
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and subsequent � mainly condensational � growth. The main source is
anthropogenic activity, but they are also formed naturally in seas, deserts, and
forests. Recent data report that production of new aerosol particles by nucleation
and subsequent growth by condensation of organic vapours emitted by trees is
a frequent phenomenon that occurs in most atmospheric environments (Kulmala
et al., 2004).

Cluster ions differ from aerosol particles primarily by their smaller size or
greater electrical mobility (Horrak, 2001). Other differences between these
two groups relate to their electric charge, spatial distribution, vertical profiles,
size distribution functions, etc. Atmospheric ions, according to their electrical
mobilities may be divided into three main categories (table 1) (Horrak et al.,
2003).

Table 1. Categories of atmospheric ions

Aerosol particles, according to their size, could be divided into the following
groups: i) ultrafine (3 � 90 nm), ii) fine (90 � 1000 nm) and, iii) coarse (> 1000
nm). Ultrafine mode may be divided also into two other modes; nucleation and
Atiken (on threshold 20 nm). Unlike atmospheric ions, aerosol particles can be
neutral or single/multi charged (Mandija, 2011-a). Table 1 reports that two
large categories of atmospheric ions (intermediate and large ions) are charged
ultrafine aerosol particles. Thus, the traditional border between cluster ions
and charged aerosol particles is 1.6 nm (Tammet, 1995).

Both atmospheric ions and aerosols play important roles in atmospheric
processes (Flagan, 1998). Air ions make the air fresh, helping persons who
suffer from asthma or other respiratory problems. Meanwhile atmospheric
aerosols, �swallowing� air ions, play an inverse role on environmental concern
(Rose et al., 2013).

Concentrations of atmospheric ions and aerosols are governed by balance
equation. This equation in its simplest form is presented by eq.1 (Salm and
Tamm, 2011).

nnNnNnnnq
dt

dn
0βββα (1)

where: n  is the concentrations of ions of different polarities
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Diameter Range
nm

Mobility Range,
cm2 V-1 s -1

Small ions
Intermediate ions
Large ions

0.36 - 1.6
1.6 - 7.4
7.4 - 80

1.3 �  0.5
0.5 - 0.034
0.034 - 0.00041
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0,N  is the concentrations of charged and neutral aerosols

α  and β  are their respective recombination and attachment coefficients.

Larger ions can swallow more cluster ions, but because of their minor
concentrations, there are small aerosols that influence more of the ion
concentrations.

The present investigation was carried out at Velipoja beach which is a tourist
location on the Adriatic seashore. Air studies are of great importance, as they
help evaluate air quality (Mandija et al., 2010; Mandija, 2011-b).

2. MATERIAL AND METHODS

Measurement of atmospheric ion and aerosol concentrations was carried out
at Velipoja, a tourist location on the Adriatic seashore in Albania. Figure 1
depicts site location 200 m from the seashore, in the middle of a residential
area.

Investigation was carried out in spring, summer and autumn (April-October).
In summer, anthropogenic activity intensifies along with the population, as several
tourist-commercial activities take place. In spring and autumn, anthropogenic
activities are very rare.

Measurements were carried from 2009 to 2011. As only measurement results
regarding fair-weather conditions were analyzed, the impact of precipitations
and strong winds on atmospheric particle concentrations were excluded.

Fig.1 Monitoring site, Velipoja Beach, Albania (from Google Maps).

The Air Ion Counters IC-1000 and Andes ITC-201A were used to measure
the concentrations of atmospheric cluster ions (d < 1.6 nm). Operation principle
of this instrument is the appliance of electric field between three parallel
conductive plates. The middle plate collects air ions which enter into the intern
area of the AIC. Atmospheric aerosol concentration was measured using a
Handheld Particle Counter, model Handilaz mini 301. This instrument measures
aerosol concentrations divided into three channels; in the size range over 0.3

Estimation of the Ion and Aerosol concentrations and their relationship...
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m. Thresholds between channels varied from 0.5 and 5 m. Aerosols on the
first channel belong to fine mode, whilst those on the third channel belong to
coarse group. Aerosols on second channel belonged both modes, but more to
the fine mode (because their size distribution). Operation principle of this
instrument is laser light scattering.

3. RESULTS

3.1 Ion concentrations
Table 2 reports the average values of meteorological parameters during the

monitoring process and temperature, relative humidity, atmospheric pressure
and wind speed had normal values throughout the monitoring process. Usually,
in summer temperature is higher and wind speed has lower values

Table 2. Average values of meteorological parameters

Table 3 reports the average values and the standard deviations of ion
concentrations of both polarities.

Table 3. Seasonal-averaged ion concentrations

The average values of the concentrations of both positive and negative ions
in summer were higher (positive 1.5 and negative 3.1 times) than in spring and
autumn. Since the anthropogenic activities, like traffic, heating-cooking, etc.
are extremely higher in summer due to the tourism air ion concentrations are
higher (Yu, 2002). In addition to the anthropogenic activity, vegetation in the
surrounding forest has a great impact (Jayaratne et al., 2011). This fact implies
the hypothesis that the principal sources of air ions in Velipoja beach are
anthropogenic activities and vegetation. Moreover, the dry summer season also
enhances radon gas emanation from the ground surface, increasing its
concentration in the regions near the ground (Hosoda et al., 2007). Both these
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Summer Spring and Autumn
Temperature (oC)
Relative humidity (%)
Atmospheric pressure (hPa)
Wind speed (km/h)

28.6
62.3
1205.1
1.2

19.6
57.3
1027.3
3.7

Summer Spring and Autumn
Positive (cm-3)
Negative (cm-3)
Total (cm-3)
Unipolarity factor

1752.0 843.0
1550.0 665.1
3302.0 1482.8
1.1 0.2

1145.8 119.6
487.5 100.3
1633.3 182.6
2.5 0.7
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factors have a renewed presence in this region during summer seasons.
Table 3 and 4 report that the meteorological parameters had a great impact

on the ion concentrations. As the temperature is higher in summer, ion
concentrations are higher. So, we can suppose that temperature influences the
increase of ion concentration (Luts, 1998) indirectly due to the augmentation
of radon exhalation (Porstendorfer, 1994; Hopke and Ramamurthi, 1998; Katoka
et al., 1998). Regarding the wind, its speed affects directly the ion concentration
via dispersion. These hypotheses are confirmed by the correlation coefficients
between ion concentrations, temperature and wind speed. Table 4 presents the
Pearson correlation coefficients among the ion concentrations and the principal
meteorological parameters.

Table 4. Correlation coefficients among aerosol concentrations and
meteorological parameters

Significant levels of the correlation coefficients are given by the values in
brackets. The correlation coefficients among total ion concentrations and
tempreature are statistically significant (p<0.05). Statistically significant
correlation coefficients were found also in the case of ion concentrations and
wind speed values. Correlation coefficients between ion concentrations and
relative humidity and atmospheric pressure were even lower, respectively -
0.11 and -0.13. Their significance level is higher than 0.05, showing that their
correlations are not statistically significant. These values indicate that these
meteorological parameters play a minor role on ion concentrations. The
aforementioned data are based on the statistical interpretation of the
measurement data.

3.2. Aerosol concentrations

The table 5 reports the average values and their standard deviations of the
aerosol concentrations of the three modes. Major emissions occur during the
summer season. Aerosol emissions belong primarily to fine mode. The average
concentrations of fine aerosols during summer season were more than 1.5
times higher than during spring and autumn seasons.

Summer marks intensive combustion processes, construction activities,
biomass burning and traffic (Jayaratne et al., 2010). These processes are

Estimation of the Ion and Aerosol concentrations and their relationship...

Meteorological parameters Ion concentration
Temperature
Relative humidity
Atmospheric pressure
Wind speed

0.26 (0.04)
-0.11 (0.38)
-0.13 (0.37)
-0.41 (0.01)
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predominant aerosol sources in summer; construction activities and biomass
burning occur also during other seasons. The presence of coarse aerosols is
related to local wind re-suspensions processes.

Table 5. Seasonal-averaged aerosol concentrations

To estimate the effect of meteorological parameters on aerosol concentrations,
their Pearson correlation coefficients were determined (table 6).

Table 6. Correlation coefficients among aerosol concentrations and
meteorological parameters

Relative humidity has a greater impact on aerosol concentrations, especially
those of the fine and intermediate modes than the other meteorological
parameters. The instrument here used measures also liquid aerosols which
concentrations increase under the high relative humidity conditions. On the
other hand, under high temperature conditions earth surface undergoes on low
soil moisture values. Under these conditions, re-suspension processes are
favored, and aerosol concentrations of coarse mode are enhanced. Statistically,
no significant correlation was obtained in the case of the wind speed and coarse
aerosol concentrations. This was due to the limited number of available
measurement data.

3.3. Binom ion-aerosol

Here, the correlation between ion and aerosol concentrations is investigated. It
is a well known the fact that fine aerosols (because of their major number)
influence more on the reduction of the concentrations of cluster ions, expressed
by eq.1 (Dhanorkar and Kamra, 1992; Reischl et al., 1996; Makela et al., 2001).

To estimate this contribution in terms of correlation coefficients, should be
determined these coefficients (Hoppel and Frick, 1986). The correlation
coefficient between the concentrations of cluster ions and fine aerosol particles

Summer Spring and Autumn
Fine (106 m-3)
Mixed (106 m-3)
Coarse (104 m-3)

5.2 0.9
1.1 0.6
10.4 8.6

5.0 0.7
0.9 0.5
1.9 1.3

Fine Mixed Coarse
Temperature
Relative humidity
Atmospheric pressure
Wind speed

0.06 (0.63)
0.80 (0.01)
0.20 (0.16)
0.16 (0.22)

0.14 (0.27)
0.73 (0.01)
0.52 (0.01)
0.28 (0.03)

0.47 (0.01)
0.22 (0.08)
0.01 (0.99)
� 0.18 (0.17)
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is -0.21 (0.15)�statistically insignificant. A correlation of -0.31 (0.03) was
found in the case of the mixed aerosols. Coarse aerosols were weakly correlated
with cluster ions with correlation coefficient 0.23 (0.12). Thus, the presence of
fine and intermediate aerosols at the site affects the populations of the cluster
ions, reducing their concentrations.

Table 7 reports correlation coefficients among ion concentrations, aerosol
concentrations (mixed mode) and meteorological parameters.

Table 7. Correlation coefficients among ion concentrations and principal
influencing factors

The data in Table 7 reports that wind activity, aerosol concentrations and the
temperature are of great impact for the ion concentration. The concentration
of the aerosols decreases ion concentrations due to the attachment processes
between them. Wind activity decreases the ion concentration, due to the
dispersion process. Meanwhile, temperature acts indirectly, increasing the radon
concentration and consequently the concentration of cluster ions. Anyway, for
an accurate determination of the influence of meteorological parameters on
the ion concentrations, the mutual relationship between ion and aerosol
concentrations as well as the meteorological parameters should be taken into
account. In addition, a larger set of data will enable to obtain more significantly
correlation coefficients.

Figure 2 depicts ion concentrations and influencing factors in different seasons.
The correlation coefficients of these two sets of data (summer and other
seasons) are very high, 0.97. This is another important result, which shows
that these factors undergo almost in the same direction regardless of the season.

All units of the quantities in figure 2 are expressed based on the tables 2, 3
and 5.

Mixed aerosols Temperature Wind speed
-0.31 (0.03) 0.26 (0.04) -0.41 (0.01)
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